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Functional Data Structures
Exercise Sheet 3

Script generated by TTT

Exercise 3.1 Insert with Less Comparisons
Title . Lam mich . FDS Tutorial (12 05 2017) e Define a function ins?2 that inserts into a binary search tree, using only one com-
) - ) ) parison per node. Use the same idea as isin2.

e Show that your function is equal to #ns on binary search trees. Hint: You may

need an auxiliary lemma of the form:

Date: Fri May 12 12:20:33 CEST 2017 [ost s Vo € setitme toy < 5] = ins2z (Some g) £= ...

fun ins? :: “'a:linorder = ' option = 'a tree = 'a tree”

Du ratlo n: 97 . 27 m i n lemma ins2_None: “bst t = ins2 x None t = ins z t”

. Exercise 3.2 Height-Preserving In-Order Join
Pages: 93
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|0 ex02.thy (~flehre/FDS/exfex02/) -
[3] -8
t lemma "list_sum 1 = list_sum' 1" =
g (<) g
2 3
2 unfolding list_sum'_def by (simp add: aux) %
sl [(e>%) g
5
S
o]
Hext <\NumHomework{Distinct lists}{May 12} g
Submit your solution via \url{https://vmnipkowE.in.tum.dﬁ}. (=
Submit a theory file that runs in Isabelle-2016-1 {\bfseries without errors}. [Me
—_— b
T
Define a function «<contains», that checks whether an element is contained E
in a list. Define the function directly, not using «set». §
& H
fun contains :: "'a = 'a list = bool"
(Fe)
where
"contains x [] = False" |
4] D
[ Proof state [ Auto update | Update [Searchi[  w|[too% [¥]
1 D
(8]~ | output | query | sledgehammer | Symbols
[121.1 (3262/7336) lisabelle isabelle, UTF-8-sabel UG IS 138MB 12:22 P
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0 Scratchthy (~/lehre/FDS/ex/ex02/) -~ [0 Scratch.thy (~/lehre/FDS/exiex02/) ~
] (*<t) =l L} where =]
= where = "ldistinct [] = True"
g "contains x [] = False" g | "ldistinct (x#xs) «— —-contains x xs A ldistinct
g | "contains x (y#ys) «— x=y V contains x ys" :% (*5%)
2 (F>%) 2

text <Define a predicate <ldistinct> to characterize \emph{distinct} lists, i.e.|,
lists whose elements are pairwise disjoint. Hint: Use the function contains.>
fun ldistinct :: "'a list = bool"
(F<*)
where
"ldistinctff[1 = True"
| "ldistinct (x
(#5#)

— -contains x xs A ldistinct xs

text <«Show that a reversed list is distinct if and only if the
original list is distinct. Hint: You may require multiple
auxiliary lemmas. >

[SsesuL | ow3s [opwepis | uonewsunsea | « [@]

o

D]

¥ Praof state ] Auto update | Update | search |

~][oow [+]

consts
ldistinct

"'a list = bool"

«

[

lemma "ldistinct (rev xs) «— ldistinct xs"
apply (induction xs)

[Sem0eus [e3e35 [ppispis [ uonewswnoog [ « []

Found termination order: "length <*mlex*> {}"

apply auto
11 [
[¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+
consts =
ldistinct :: "'a list = bool"

DN

[
(o]~ output | query | sledgehammer [ symbols |

|
(2] = [ Gutput | query | sledgehammer [ symbols |

[2313 72711317) (isabelle,isabelle,UTF-8-Isabelle)

UGI63/1139MB 12:24 PM

[26.1 (802/1428) (isabelle isabelle, UTF-81sabell
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™ Scratch.thy (~flehre/FDS/ex/ex02f) - ® Scratch.thy (~/lehre/FDS/ex/ex02/) -

©ftemma “ldistinctfj(xs@[x]1) « "

lemma "ldistinct (rev xs) «— ldistinct xs"

apply (induction xs)

[SsusouL [swis |sovrepis | Usneasswnsea] 4 @]

L} where el L} (*<¥) 1l
t "ldistinct [] = True" t where

§ | "ldistinct (x#xs) «— -contains x xs A ldistinct xs" § "ldistinct [] = True"

B (+>%*) 2 | "ldistinct (x#xs) = [(-contains x xs A ldistinct xs)f

2 L 2 (k=) |

O|lemma "ldistinct (xs@[x]) «— "

lemma "ldistinct (rev xs) «— ldistinct xs"

[
[Sau05y1 [ 23535 [3piepis [ usneruswnooa [ ¢ [@)

DN

apply auto = apply (induction xs)
apply auto
« D] < D
¥ Praof state ] Auto update | Update | search | | [roow [+] WlProot state 7l auto update | Update | search: | | [roo |+]
Inner syntax error: unexpected end of inpute 1~ consts |
Failed to parse prop ldistinct "'a list = bool"

Found termination order: "length <*mlex*> {}"

]
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(B~ | output | query | sledgehammer | symbols
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(2]~ [ output | query |

| symbols
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0 Scratch,thy (~/lehre/FDS/ex/ex02/) -~ B Scratch.thy (~/lehre/FDS/ex/ex02/) -
<} fun ldistinct :: "'a list = bool" 1= L} fun ldistinct :: "'a list = bool" 1=l
= [ = (<0
3 where ¢ where
2 "ldistinct [] = True" L "ldistinct [] = True"
£ | "ldistinct (x#xs) «— =contains x xs A ldistinct xs" H < | "ldistinct (x#xs) +— —contains x xs A ldistinct xs" i

(¥>%)
@|temma "ldistinct (xs@[x]) a—)w'_L“d'n
lemma "ldistinct (rev xs)

apply (induction xs)
apply auto

«~— ldistinct xs"

[suesuL [ ow3s [pbrepis uomewsunsea | « [@]

4]

[+

(k=)
lemma "ldistinct (xs@[x]) «— 1ldistinct xs A —contains x xs"

apply (keyword)

@|lemma "ldistinct (rev xs) «— ldistinct xs"
apply (induction xs)

4]

[Sem0eus [e3835 [ppispis [uoneiwswnoog [ « []

[

Inner syntax error: unexpected end of inpute
Failed to parse prop

] Proof state /] Auto update | Update | Search: | v [roon [+

«

DN

proof (prove)
goal (1 subgoal):
1. ldistinct (xs @ [x]) = (ldistinct xs A = contains x xs)

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

[
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[27.31 (833/1464)
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® scratch.thy (~flehre/FDS/ex/ex02/) - m Scratch.thy (~/lehre/FDSfex/ex02/) -
L} fun ldistinct "'a list = bool" el =} fun ldistinct "'a list = bool" el
t (*<t) t (*ek)
§ where § where
2 "ldistinct [] = True" 2 "ldistinct [] = True"
E | "ldistinct (x#xs) «— -contains x xs A ldistinct xs" m B | "ldistinct (x#xs) «— -contains x xs A ldistinct xs" il

(*>*)

lemma "ldistinct (xs@[x]) «— ldistinct xs A —contains x xs"
apply (induction xs)
apply autof]

[SsusouL [swis |soviepis | Uoneasswnsea] 4 @]

() -

lemma "ldistinct (xs@[x]) +— 1ldistinct xs A —contains x xs"
apply (induction xs)
apply auto]]

goal (3 subgoals):

1. Na xs. [tdistinct (xs @ [x]); — contains a (xs @ [x]); ldistinct xs; - contains x xs; contains a xs] = False
2. Axs. [ldistinct (xs @ [x]); - contalns x (xs @ [x]); ldistinct xs; - contains x xs] = False

T 3. Aa xs. [ldistinct (xs @ [x]); - contains a xs; ldistinct xs; x # &; - contains x xs; contains a (xs @ [x]1)]

@[lemma "ldistinct (rev xs) «— ldistinct xs" @|lemma "ldistinct (rev xs) «— ldistinct xs" =
(1 — ’ ] ] I ’ ol ]
¥ Praof state ] Auto update | Update | search | ] [roow [+] WlProot state 7l auto update | Update | search: | | [roo% [+]

proof (prove) |~ proof (prove) 1=l

goal (3 subgoals):

1. Aa xs. [ldistinct (xs @ [x]); — contains a (xs @ [x]); ldistinct xs; - contains x xs; contains a xs] = False
2. Axs. [ldistinct (xs @ [x]); — contains x (xs @ [x]); ldistinct xs; — contains x xs] — False

T 3. Aa xs. [ldistinct (xs @ [x]); - contalns a xs; ldistinct xs; x # a; - contains x xs; contains a (xs @ [x])]

[sau0sy1 [23535 [3piepis [ usneruswnooa [ ¢ [@)

= False = False
< DN {1 ]

(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbals
[28.13 (897/1528) Input/output complete (isabelle,isabelle,UTF-B-Isabelle) /v 0 UG 29,13 (897/1528) {isabelle isabelle, UTF- oUG MB 12:31 PM]
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B Scratch.thy (~/flehre/FDS/ex/ex02f) vl |0 Scrateh.thy (~/lehre/FDS/ex/ex02/) v
<) | "ldistinct (x#xs) «— =contains x xs A ldistinct xs" B[ L} (*>%) (=l
= (*>%) = = =
= = = =
§ 2 § lemma [simp]l: "contains & (xs @ [x]) «— contains a xs Vv a=x" g
g lemma [simp]l: "contains a (xs @ [x]) «— contains a xs v a=x" % g apply (induction xs) apply auto done %
2 apply (induction xs) apply auto done L2 2 =

§ lemma [simp]: "ldistinct (xs@[x]) «— ldistinct xs A —contains x xs" g
lemma [simp]l: "distinct (xs@[x]) —— ldistinct xs A -contains x xs" = (@] apply (induction xs) E?
apply (induction xs) -7§ apply auto s
apply auto | 2 done 2
@| done ] @
e o g
- [ T
=L lemma "ldistinct (rev xs) «— ldistinct xs" =
©flemma "ldistinct (rev xs) «— ldistinct xs" § apply (induction xs) §
PR . I~z . i~|l®
a ] 1 [
] Proof state (7] Auto update | Update | Search: [ hdll N4 [¥] Proof state [ Auto update | Update | Search: | ~|[1oo% |+
proof (prove) 1= proof (prove) |
goal (2 subgoals): goal (2 subgoals):
1. Aa xs. [distinct xs; x ¢ set xs; a # x; a ¢ set xs; ldistinct xs; - contains x xs; contains a xs] = False 1. ldistinct ([] @ [x]) = (ldistinct [] A = contains x [1)
2. N\a xs. [distinct xs; x ¢ set xs; - contains a xs; ldistinct xs; x # a; - contains x xs; a € set xs] —» False T 2. Aa xs. ldistinct (xs @ [x]) = (ldistinct xs A - contains x xs) =
ldistinct ((a # xs) @ [(x]) = (ldistinct (a # xs) A - contains x (a # xs))
] DN DN

[
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[32.15 (100971647) Input/output complete (isabelle,isabelle, UTF-8-isabelle) [/ .

34,
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O Scratch.thy (~flehre/FDS/ex/ex02f) - 0 Scrateh.thy (~/lehre/FDS/ex/ex02/) -
>] lemma [simp]: "ldistinct (xs@[x]) «— ldistinct xs A -contains x xs" ] lemma [simpl: "ldistinct (xs@[x]) «— ldistinct xs A —contains x xs"
t apply (induction xs) t apply (induction xs)
§ apply auto § apply auto
3 3
= done = done
2 2

emma "ldistinct (rev xs) «— ldistinct xs"
apply (induction xs)
apply auto

I
[SsusouL [swis |sbiepis | usneasewnsea ] 4 @]

D]

lemma “contains x (rev xs) «— contains x xs"

@|lemma "ldistinct (rev xs) «— ldistinct xs"
apply (induction xs)
apply auto

1
[sau05y1 [23535 [3piepis [ usneruswnooa [ ¢ [@)

D]

Proof state Auto update

v [oow [+

update | search: |

roof state  [¥] Auto update

update | search |

| [roo |+]

proof (prove)
aoal (1 subgoal):
1. ldistinct (rev xs) = ldistinct xs

DN

proof (prove)
goal (1 subgoal):
1. contains x (rev xs) = contains x xs

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query | | symbals

[36.1 (1026/1648)

~[lehre/FDS/ex

ceanQ|_ [B| ] | 2[2]2]4]m

1 - Scratch.thy
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B Scratch.thy (~/flehre/FDS/ex/ex02f) vl |0 Scrateh.thy (~/lehre/FDS/ex/ex02/) -
=] done =l '] apply auto =]
= = = done -
& i i " | ; i e T o
§ lemma contains_rev[simpl: "contains x (rev xs) «— contains x xs 2 § g

2 2
g apply (induction xs) 3 g lemma contains_rev[simp]: "contains x (rev xs) «— contains x xsn 3
2 apply auto 2 2 apply (induction xs) =
done ] apply auto s
(0| done (]
=& o
& 8
= H=
lemma "ldistinct (rev xs) +«— ldistinct xs" 2 R
apply (induction xs) @ lemma "ldistinct (rev xs) «— ldistinct xs" [}
o g
apply auto o apply (induction xs) o
done =L apply auto =L
3 ]
{2 done g
=2 g
4] [T 4] Y

] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

contains 7x 7xs = contains ?x (rev ?xs) = proof (prove) =]

goal (1 subgoal):
1. contains x (rev xs) = contains x xs
< DI | D

(o]~ output | query [ sledgehammer | symbols (2]~ [ output | query [ | symbols |
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O Scratch.thy (~flehre/FDS/ex/ex02f) - 0 Scrateh.thy (~/lehre/FDS/ex/ex02/) -
>] apply (induction xs) =} (*<¥)
t apply auto t where
§ done § "ldistinct [] = True"
s 2 | "ldistinct (x#xs) +— —contains x xs A ldistinct xs"
2 lemma contains_rev[simp]: "contains x (rev xs) «— contains x xs" 2 (*>%)

apply (induction xs)
apply auto
done

lemma "ldistinct (rev xs) «— ldistinct xs"
apply (induction xs)
apply auto

[l D]

[SsusouL [swis |sopiepis | Usneasewnsea] 4 @]

emma [simp]: "contains & (xs @ [x]) «— contains a xs V a=x"
apply (induction xs) apply auto

lemma [simp]l: "ldistinct (xs@[x]) «— ldistinct xs A —contains x xs"
apply (induction xs)
apply auto
done

<«

[Sau05y1 [23535 [piepis | usneuswnooa [ ¢ [@)

D]

¥ Praof state ] Auto update | Update | search |

v [oow [+

roof state  [¥] Auto update

update | search |

| [roo |+]

theorem ldistinct (?xs @ [?x]) = (ldistinct ?xs A — contains ?x 7xs)

DN

proof (prove)
goal (1 subgoal):
1. contains a (xs @ [x]) = (contains a xs Vv a = x)

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[34.3 (1022/1765)
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0 Scratch.thy (~flehre/FDS/ex/ex02/) - [0 Serateh.thy (~/lehre/FDS/ex/ex02/)

apply (induction xs) apply auto done

lemma [simp]: "ldistinct (xs@[x]) «— ldistinct xs A =contains x xs"
apply (induction xs)
apply auto
done

4 [+

[suesuL [ ow3s [pbiepis | uonewsunsea | « [@]

a (F<*) 2] done
: where t
§ "ldistinct [] = True" §
g | "ldistinct (x#xs) «— -contains x xs A ldistinct xs" 15 lemma "ldistinct (rev xs) «— ldistinct xs[fi
£ (#5#) 2 apply (induction xs)
apply auto
lemma [simp]: “"contains a (xs @ [x]) «— contains a xs ¥ a=x" [ done

[Sem0eus [=3e35 [ppispis [uonewawnoog [ « []

[

theorem contains ?a (?xs @ [7x]) = (contalns ?a ?xs v ?a = ?x)

] Proof state /] Auto update | Update | Search: | v [roon [+

[

proof (prove)
goal (1 subgoal):
1. ldistinct (rev xs) = ldistinct xs

[¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+

<

D

<
(o]~ output | query [ sledgehammer | symbols

[
(2]~ [ output | query [ | symbols |

[28.1 (9031 785)

(isabelle,isabelle, UTF-8-sabelle) im0 UG N

I1176MB 12:38 PM|
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O Scratch.thy (~flehre/FDS/ex/ex02f) - 0 Scrateh.thy (~/lehre/FDS/ex/ex02/) -
E apply auto S apply auto
done done
g 3
£ H
8 3
o o
= lemma 1stinc rev xs — i1stinc xS = emma 1stinc rev xs) «— 1stinc XS
z It "ldist t( Bl ldist t " Z L "ldist t ( ) ldist t "

apply (induction xs)
apply auto

[SsusouL [swis | oviopis | Ueneasewnsoa ] 4 @]

(] D]

B =pply (induction xs)
apply auto
done

[Sau05y1 [ 23535 [3opiepis [ usneruswnooa [ ¢ [@)

L] Dl

¥ Praof state ] Auto update | Update | search | ~[roo% [+

roof state  [¥] Auto update

update | search | | [roo% [+]

proof (prove) —
aoal (1 subgoal):
1. ldistinct (rev xs) = ldistinct xs

DN

proof (prove) B

goal (1 subgoal):
1. ldistinct (rev xs) = ldistinct xs

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query | | symbals

[a1.1 (1135/1765) (isabelle,isabelle, UTF-8-Isabelle) 1m0 UG

176MB 12:40 PM

[42.1 (11811 765) (isabelle.isabelle, UTF-

~flehreFDsrex |

1 - Scratch.thy

ceanQ|_ [B| ] | 2[2]2]4]m

4 Isabelle2016-1 - Scratch.thy

roUG 176MB 12:40 PM
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0 Scratch.thy (~flehre/FDS/ex/ex02f) vl |0 Scrateh.thy (~/lehre/FDS/ex/ex02/) -
=] apply auto =l '] =]
— done = — lemma dl: "ldistinct (rev xs) = ldistinct xs" sorry =
5 o 3 9
g 3 g lemma d2: "ldistinct xs = 1ldistinct (rev xs)" sorry 3
2 lemma "ldistinct (rev xs) < ldistinct xs" e 2 2

I apply (induction xs) § g
apply auto [yl lemma "ldistinct (rev xs) «— ldistinct xs" e
done & ©|ll apply (simp add: dl 4|8

e - 1z

o g

@ apply (induction xs) T

E apply auto u

2 2

-3 done g

=2 g

4] [T 4] Y
] Proof state /] Auto update | Update | Search: | v [roon [+ [¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+
proof (prove) 1= proof (prove) =l

goal (1 subgoal): goal (1 subgoal):

1. ldistinct (rev xs) = ldistinct xs 1. ldistinct (rev xs) = ldistinct xs

< DI | D

(o]~ output | query [ sledgehammer | symbols (2]~ [ output | query [ | symbols |
[a21 (1181/1765) (isabelle,isabelle, UTF-8-lsabelle) |/ o 176MB12:40 PM  [46,1 (1292/1905) (isabelle isabelle, UTF- UG HI51/1176M8 12:41 PM]

0| [@] 2] | 17 3] mlammichapniptonto: ~fetveros

1 - scratch.thy
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O Scratch.thy (~flehre/FDS/ex/ex02f) - 0 Scrateh.thy (~/lehre/FDS/ex/ex02/) -
a - 4] -

lemma dl: "ldistinct (rev xs) == ldistinct xs" serry

lemma d2: "ldistinct xs == ldistinct (rev xs)" serry

File Browser

lemma "ldistinct (rev xs) —— 1ldistinct xs" H
il using d1 d2
apply (auto)

apply (induction xs)
apply auto

e

[SsusouL [swis |svrepis [ Usneasewnsoa] 4 @]

[l D]

lemma "ldistinct (rev xs) «— ldistinct xs"
using dl d2
apply (auto)

File Browser

apply (induction xs)
apply auto
I done

eo

[sau0sy1 [ 23535 [3opiepis [ usneruswnooa [ ¢ [@)

L] Dl

Proof state [¥] Auto update ~ |1uu% ‘-

update | search: |

WlProot state 7l auto update | Update | search: | | [roo% [+]

proof (prove) —
aoal (1 subgoal):
1. ldistinct (rev xs) = ldistinct xs

DN

proof (prove) 2]
goal (1 subgoal):
1. ldistinct (rev xs) = ldistinct xs

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[a6.1 1282/1912) Input/output complete (isabelle,isabelle,UTF-B-1sabelle) /v 0 UG EEB/1176MB 12:42 P [52,1 (1364/1912) (isabelle isabelle, UTF 0 UG ERE/1176MB 12:43 PM|
wan®|_ |7 fs o v e 1 - Scratch.thy . devian@|_ [T & LFE 4| @ lammich@lapnipkow10: ~flenre/FDs/ex [ Isabelle2016-1 - Scratch.thy B e [12:43:25]
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0 Scratch.thy (~flehre/FDS/ex/ex02f) vl |0 Scrateh.thy (~/lehre/FDS/ex/ex02/) v
<} done B L} [~ =
5 EERE ; T e o]
g 2 2 fun slice :: a list = nat = nat = 'a list g

2 2
2 3 L where 3
2 fun slice :: "'a list = nat = nat = 'a list" LIz e (hek) LIz
where § "slice (x#xs) (Suc n) 1 = slice xs n 1" g
(*<*) (o | "slice (x#xs) @ (Suc 1) = x # slice xs 0 1" el
"slice (x#xs) (Suc n) 1 = slice xs n 1" § 0 'stice . _ _=11" i
[l 'slice Ga#xs) 0 (Suc 1) = x # slice xs 0 1" 2 (*>*) 2
| "slice = _ = 1[1" 2 text <Hint: Use pattern matching instead of <if>-expressions. For example, instead 2
(*>*) k4 of writing «f x = (if x>0 then ... else ...)» you should define two equations o
text «Hint: Use pattern matching instead of «if»-expressions. For example, instead el «f @ = .. and «f (Suc n) = ...>. EX
of writing <f x = (if x=0 then ... else ...)» you should define two equations § > §
o e a £diF B[
a ] 1 [
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+
consts =] consts =]
slice "'a list = nat = nat = 'a list" slice "'a list = nat = nat = 'a list"
Found termination order: "(Ap. size (snd (snd p))) <*mlex*> (Ap. size (fst (snd p))) =<tmlext= {}" Found termination order: "(Ap. size (snd (snd p))) <tmlext> (Ap. size (fst (snd p))) <tmlext> {}"
DN DN

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[51.1 (1335/3467) (isabelle,isabelle, UTF-8-1sabelle) 1 r o UG IEEE/1 130MB 12:45 PM|

[52.1 (1383/3467) (isabelle.isabelle, UTF-

130MB 12:45 PM|

cebanQ|_ |B| | | 1]2] 34 ilemmich@lapnipkow10: ~jlehre/fDs/ex [/ Isabellez016-1 - scratch thy
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Isabelle2016-1 - Scratch.thy




4 Isabelle2016-1 - Scratch.thy & x 4 Isabelle2016-1 - Scratch thy _&x
File Edit Search Markers Folding View Utilities Magros Plugins Help Elle Edit Search Markers Folding View Utiities Magros Plugins Help
D& ® @D ¢ XHE B@ CEHEE 3 & © DEd@E & a¢ HEO 0@ TODEE B & O

0 scratch.thy (~flehre/FDS/ex/ex02/) - 0 Scratch.thy (~/lehre/FDSfex/ex02/) 4
=] =12 ] (*¥>*) =18
M = hd (F>+) d
g g 3 g
E fun slice :: "'a list = nat = nat = 'a list" é E text «Show that concatenation of two adjacent slices can be expressed as %
2 where 2 2 a single slice:» 7

@< § lemma "slice xs s 11 @ slice xs (s+11) 12 = slice xs s (11+12)" §
"slice (x#xs) (Suc n) 1 = slice xs n 1" 2| (*<*) (o]
| "slice (x#xs) 0 (Suc 1) = x # slice xs 0 1" ; I apply (induction xs s 11 rule: slice.induct) E
| "slice _ _ _ = [1" 2| apply auto 1=
(*¥>%) @ (*>*) @
text «Hint: Use pattern matching instead of «if»-expressions. For example, instead ?.% %
of writing <f x = (if x=0 then ... else ...)» you should define two equations ; text <«Show that a slice of a distinct 1list is distinct.s ;
«f @ = .. and «f (Suc n) = ..». ] (k<) T%
a o LT S — - - - 1 I8
¥ Praof state ] Auto update | Update | search | ~][oow [+] WlProot state 7l auto update | Update | search: | | [roo% [+]
consts |~ proof (prove) |
slice "'a list = nat = nat = 'a list" goal (4 subgoals):
Found termination order: "(Ap. size (snd (snd p))) <*mlex*> (\p. size (fst (snd p)}) <tmlext> {}" 1. Auu_ uv_. slice uu uv_ 0 @ slice uu_ (uv_ + 8) 12 = slice uu_ wv_ (0 + 12) =
2. Auw_ v. slice [] uw_ (Suc v) @ slice [] (uw_ + Suc v) 12 = slice [] uw_ (Suc v + 12)
3. Ax xsnv. [
T slice xs n (Suc v) @ slice xs (n + Suc v) 12 = slice xs n (Suc v + 12) =
= slice (x # xs) (Suc n) (Suc v) @ slice (x # xs) (Suc n + Suc v) 12 = slice (x # xs) (Suc n) (Suc v + 12) ~
[l » < »

‘Elv‘lnutputlQusrylS\edgehammerlsymbu\s - \n|v||cutput|Query| | symbols | -
[48.1 (1285/3467) (isabelle,isabelle, UTF-8-sabelle) o UG IS L30MB 12:45 PM  [93,1 (2740/3681) (isabelle isabelle, UTF- UG 6MB 12:49 PM
ceanO|_ [B| 9| | 1]2]3]4] 0: ~Jlehresfosrex [ 1 - Scratch.thy IMEENEEE  @aC_ (%2 | :]Z 2|4|@emmichelpnipkowio: ~fenrerDsiex [ isabelle2016-1 - Scratch thy [ [12:49:20]
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0 Scratch,thy (~/lehre/FDS/ex/ex02/) ~| B Scratch.thy (~/lehre/FDS/ex/ex02/) ~|
=] by (induction xs s 1 rule: slice.induct) auto <118 2] by (induction xs s 1 rule: slice.induct) auto =
> (*5%) = A (*5%) Al
8 foen g |5 [oen g
e thm slice.simps]| n’:;' o thm slice.simps 1 “3

= S
text «Show that concatenation of two adjacent slices can be expressed as (o | text <Show that concatenation of two adjacent slices can be expressed as [ ]
a single slice:» g a single slice:» g
lemma "slice xs s 11 @ slice xs (s+11) 12 = slice xs s (11+12)" _i lemma "slice xs s 11 @ slice xs (s+11) 12 = slice xs s (11+12)" _i
(F<*) 2 (Fe) 2
apply (induction xs s 11 rule: slice.induct) % apply (induction xs s 11 rule: slice.induct) %
apply auto ; apply auto ;
(#5%) 8 (k%) ]
=2 =3
4] [T 4] Y
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+
» slice 7uu ?uv 0 = [] = » slice Puu ?uv 0 = [] =
» Slice [] ?uw (Suc ?v) = [] » Slice [] ?uw (Suc ?v) = []
« slice (7x # 7xs) (Suc ?n) (Suc ?v) = slice ?xs ?n (Suc 7v) « slice (?x # ?xs) (Suc ?n) (Suc ?7v) = slice 7xs ?n (Suc ?v)
w Slice (?x # ?xs) 0 (Suc ?1) = ?x # slice ?xs 0 ?1 W Slice (?x # ?xs) © (Suc ?1) = ?x # slice ?xs 0 7?1
< DN | DN

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

[89.16 (2586/2702) Input/output complete (isabelle,isabelle, UTF-84sabelle) m o UGN 70/1048MB 12:50 PM (89,20 (2590/3702) (isabelle isabelle, UTF- 0 UG 074/1048MB 12:50 PM|

debian(D| _ || &) 1|z 3 | 4 | j@lammich@lapnipkow10: ~/lehre/FDS/ex Iﬁlsahellezﬂlﬁ—l—Scralch.thy(modiﬁed)

ME=NEER e?|_ % Q] | ]2 3] 4] @memmichglapnipkowio: ~fehrernsiex [ isabelle2016-1 - Serateh thy (modiied) B Lol Jr2:50:55]
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™ Scratch.thy (~flehre/FDS/ex/ex02f) vl 0 Scrateh.thy (~/lehre/FDS/ex/ex02/) -
>] by (induction xs s 1 rule: slice.induct) auto =12 ] by (induction xs s 1 rule: slice.induct) auto (=l
= [ = e ~
g (*54) g i (¥=*) g
¢ 5 e 3
& 3 1 H
2 thm slice.simps 2 2 thm slice.simps 7

lemma “slice [] xy = [1" § lemma "slice [] x y = []" §
2| I apply (cases y) by auto (o]
g g
apply (keyword) Lz L2
1= =
text «Show that concatenation of two adjacent slices can be expressed as ] text <«Show that concatenation of two adjacent slices can be expressed as @
& b
a single slice:» 4 a single slice:» ©
Oflemma "slice xs s 11 @ slice xs (s+11) 12 = slice x5 s (11+12)" E lemma "slice xs s 11 @ slice xs (s+11) 12 = slice xs s (11+12)" ES
(+<H) g (#<t) 118
q D] = < D] [
¥ Praof state ] Auto update | Update | search | | [roow [+] WlProot state 7l auto update | Update | search: | | [roo |+]
proof (prove) |~ proof (prove) 1=l
aoal (1 subgoal): goal (1 subgoal):
1. slice [] x vy =[] 1. slice [1 x y = []
<1 DN 1 ]

(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbals
[61.7 (2624/3739) (isabelle,isabelle,UTF-B-Isabelle) /v 0 UG B 048MB 12:51 P [81,1 (2618/3758) (isabelle isabelle, UTF 0 UG EEEDA8MB 12:51 PM|
ceanO|_ [B| ] | 2]2 24 0: ~Jlehresfosrex [ 1 - Scratch.thy (modified) (MW NEEE  @aC_ %2 | 1]2 24| @emmichelpnipkowio: ~fenrerDsiex [ isabelle2016-1 - Scratch thy [ [ J12:50:57]
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0 Scratch.thy (~flehre/FDS/ex/ex02f) vl |0 Scrateh.thy (~/lehre/FDS/ex/ex02/) v
=] apply (cases y) by auto <1E 2] apply (cases y) by auto =
g g g g
E3 2 H 2
2 text «Show that concatenation of two adjacent slices can be expressed as % L text <«Show that concatenation of two adjacent slices can be expressed as %
2 a single slice:» 2 2 a single slice:» =

lemma "slice xs s 11 @ slice xs (s+11) 12 = slice xs s (11+12)" § lemma "slice xs s 11 @ slice xs (s+11) 12 = slice xs s (11+12)" g
(*F<*) Iy (*ek) m
apply (induction xs s 11 rule: slice.induct) § apply @mductlon xs s 11 rule: shce.lnduct)l i
apply auto H & apply auto Hz
A+ = (F*) =iy
o = &
o T
text «Show that a slice of a distinct list is distinct.» el text «Show that a slice of a distinct list is distinct.» EX
(*+<*) g (*<*) 8
4] [T 4] Y
] Proof state (7] Auto update | Update | Search: [ hdll N4 [¥] Proof state [ Auto update | Update | Search: | ~|[1oo% |+
theorem slice []1 ?x ?y = [] 1= proof (prove) =]
goal (2 subgoals):
1. Ax xs n v, =
T slice xs n (Suc v) @ slice xs (Suc (n + v)) 12 = slice xs n (Suc (v + 12)) =
slice xs n (Suc v) @ slice (x # xs) (Suc (Suc (n + v))) 12 = slice xs n (Suc (v + 12))
2. Ax xs 1.
= T slice x5 @ 1 @ slice xs 1 12 = slice xs 0 (1 + 12) = v
< DI | D

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

[100.1 (2879/3758) (isabelle,isabelle, UTF-8-1sabelle) | m . iD48MB 12:52 PM (98,47 (2871/3766) (isabelle isabelle, UTF o UG H123/1024MB 12:53 PM|
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0 scratch.thy (~flehre/FDS/ex/ex02/) - m Scratch.thy (~/lehre/FDSfex/ex02/)

| -

| "slice (x#xs) uc mt = slice xs n 1"

| "slice (x#xs) 0 (Suc 1) = x # slice xs 0 1"
thm slice.simps

[SsusouL [swis |soviepis | toneasswnsoa ] 4 @]

L} el =} where 1l

t t "slice _ _ @ =[]"

§ fun slice "'a list = nat = nat = 'a list" § | "slice [1 _ _ = 1[]"

s where 2 | "slice (x#xs) (Suc n) 1 = slice xs n 1"

S "slice _ _ 0 = []" B | "slice (x#xs) O (Suc 1) = x # slice xs 0 1" L
"slice [] =[1" H thm slice.simps =

lemma ice (x#xs) (Suc n) 1 = slice xs n 1"

by (cases 1) auto

Found termination order: "(Ap. size (snd (snd p))) <*mlex*> (Ap. size (fst (snd p))) <*mlex*> {}"

4T

[v]

(*
(* fun slice "'a list = nat = nat = 'a list"
fun slice "'a list = nat = nat = 'a list" where
where (hek) |
< D] < DN
¥ Praof state ] Auto update | Update | search | | [roow [+] WlProot state 7l auto update | Update | search: | | [roo |+]
consts | Malformed command syntax |
slice "'a list = nat = nat = 'a list"

[sau05y1 [ 23535 [3piepis [ueneruswnooa [ ¢ [@)

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[50.24 (1351/3801)

(isabelle,isabelle, UTF-8-Isabelle) i r o UG EEENL 024MB 12:54 P

[54.8 (144613869)

(isabelle isabelle, UTF- 0 UG [EIE/1001MB 12:54
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0 Scratchthy (~/lehre/FDS/ex/ex02/) -~ [0 Scratch.thy (~/lehre/FDS/exiex02/) ~
<} = L} fun slice "'a list = nat = nat = 'a list" 1=l
= fun slice :: "'a list = nat = nat = ‘a list" = where
] b veld e
2 where 2 slice _ _ 0 =[]
& "slice 0= []" & | "stice [1 _ _ =1[1"
£ "slice [1 _ _ = 11" H < | name: "slice (x#xs) (Suc n) 1 = slice xs n 1" =i

(x#xs) (Suc n) 1 = xs n 1"

|
|
| "slice (x#xs) @ (Suc 1) = x # slice xs 0 1"
thm slice.simps

lemma [simp]: "slice (x#xs) (Suc n) 1 = slice xs n 1" by (cases 1) auto

[SsuosuL [ ow3s [obrepis [uonewsunsea | « [@]

"slice (x#xs) © (Suc 1) = x # slice xs 0 1"
thm sliceffsimps
thm name

lemma [simp]l: "slice (x#xs) (Suc n) 1 = slice xs n 1" by (cases 1) auto

Found termination order: "(Ap. size (snd (snd p))) <*mlex*> (Mp. size (fst (snd p))) <*mlex*> {}"

47

[

(*
fun slice "'a list = E = E = 'a list" (*
a | £ - — N ol |
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+
consts 1= » slice 7uu ?uv 0 = [] =l
slice "'a list = nat = nat = 'a list" « Slice []1 ?Puw (Suc ?v) = []

= slice (?x # ?xs) (Suc ?n) (Suc 7v) = slice ?xs ?n (Suc ?v)
W Slice (?x # ?xs) © (Suc ?1) = ?x # slice ?xs 0 7?1

<

[Ssu0a0L [=3e35 [ontepis [uoremwnoa | ¢ | B)

<
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[50.4 (1331/3877)

(isabelle,isabelle, UTF-8-Isabelle) 1 c MB 12:56 PM

[52.10 (1433/3896) Input/output complete

(isabelle isabelle, UTF-
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0 scratch.thy (~flehre/FDS/ex/ex02/) -
L} fun slice "'a list = nat = nat = 'a list" el
= where
g "slice _ _ 0= []"
2 | "slice [1 _ _ =1[1"
% | name: "slice (x#xs) (Suc n) 1 = slice xs n 1" H

"slice (x#xs) 0 (Suc 1) = x # slice xs 0 1"
thm slice.simps
thm name

lemma [simp]: "slice (x#xs) (Suc n) 1 = slice xs n 1" by (cases 1) auto

[SsusouL [swis |sviepis | uoneazswnsoa ] 4 @]

D]

Proof state Auto update

update | search: | ~[roo% [+

slice (?x # ?xs) (Suc ?n) (Suc ?v) = slice ?xs ?n (Suc ?v)

4T

[v]

<
(B~ | output | query | sledgehammer | symbols

[54.1 (1453/3896)

(isabelle,isabelle, UTF-B-Isabelle) 1 r o UG MENIIET SMB 12:58 P

][] 5 |13 mimm

0: ~flehrefrosiex [ 1 - Scratch.thy

43 Isabelle2016-1 - Scratch.thy

B lammich@lapnipkow10: ~/lehre/FDS

-Ox

180,987 v

Functional Data Structures
Exercise Sheet 3

Exercise 3.1 Insert with Less Comparisons

e Define a function ins2 that inserts into a binary se:

ch tree, using only one com-

parison per node. Use the same idea as isin2.

e Show that your function is equal to ins on binary search trees. Hint: You may
need an auxiliary lemma of the form:
[ bstt; Va € setdreet. y <z ] = ins2x (Somey) t =...

fun ins? :: “'a:linorder = ' option = 'a tree = 'a tree”

lemma ins2_None: “bst t = ins2 x None t = ins x t”

Exercise 3.2 Height-Preserving In-Order Join

wn®]_ [%f | |[32]2]4|an

10: ~flehre/FDS [ Zex03.paf
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0 Scratchthy (~/lehre/FDS/ex/ex02/) ~| 0 Untitled-1 (~/lehre/FDS/ex/ex02/) ~|
<} fun slice :: "'a list = nat = nat = 'a list" B L} D [~ =
= where L= > I~
@ 5 " g o =
g "slice = _ 0 =11 2 ; g

" " = <
& | "slice [1 _ _ =11 E 2 3
2 | name: “"slice (x#xs) (Suc n) 1 = slice xs n 1" H 2 2 =
| "slice (x#xs) 0 (Suc 1) = x # slice xs 0 1" ] S
thm slice.simps (| [w]
thm name & &
= =
2 =
@ @
o g
lemma [simp]l: "slice (x#xs) (Suc n) 1 = slice xs n 1" by (cases 1) auto k4 o
el (=
E ES
(* g 8
- N we n e =l & -2
4] [T 41 o] =
] Proof state /] Auto update | Update | Search: | v [roon [+ [¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+
slice (7x # 7xs) (Suc 7n) (Suc ?v) = slice ?xs ?n (Suc ?v) 1« =l
< DN | DN
(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |
[54.1 (1453/3896) (isabelle,isabelle, UTF-8-Isabelle) 1 o [1.1 (0r0) null parsing complete, 0 error(s) (text.none, UTF -8-1sabelle) /1 o UG

debian(D| _ || &) 1|2 3| 4 | |@ilammich@lapnipkow10: ~/lehre/FDS/ex Iﬁlsahellezﬂlﬁ—l—Scralch.thy
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O tut03.thy (~/lehre/FDSfex/ex03/) A |0 ex03.thy (~flehre/FDS/ex/ex03/) =
>] theory tut03 =l ] L=
ZT imports = | [text {* \ExerciseSheet{3}{12.~5.~2017} *} nd
2 end]] E 2 text ¢ 3
g Div % \Exercise{Insert with Less Comparisons} n’:;

S S
2| » Define a function <ins2> that inserts into a binary search tree, using only (o]
; one comparison per node. Use the same idea as @{const Elsmz}. Q
B =
? = Show that your function is equal to @{const ins} on binary search trees. ?
?.% Hint: You may need an auxiliary lemma of the form: %
g @{text [display] "[ bst t; W¥x & set_tree t. y < x | => ins2 x (Some y) t|= "} g
5 » tf
@ o
< [ < o] kel

¥ Praof state ] Auto update | Update | search | ~][oow [+] roof state [ Auto update | Update | search: | ~|froo 7]

| Outer syntax errora: theory name expected, |

but keyword begine was found
<1 DN 1 D

(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbols
[4.2 (3or30) Input/output complete (isabelle, isabelle, UTF-8-Isabelle) 1 o UG MEEWMERDME 1:05 PM| 24,50 (466/7674) null parsing complete, 0 error(s) (isabelle,isabelle UTF-B-Isabelle) /i o UG
cevan®|_ [B| 9| | 1[2] 3] 4] imiammi i 0: ~flehresfosiex | 1- tut03.thy EEEEEEE  @o0| [Ty 2] | 1]z 2]4]@emmichelapnipkow1o: ~fienreFosjex sabelle2016-1 - ex03.thy
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[0 BST_Demo.thy (~/lehre/FDS/fds_ss17/Demos/) ~| (0 BST_Demo.thy (~flehre/FDS/fds_ss17/Demos/) i
=] =l '] section "Reducing the Number of Comparisons" =]
t section "Reducing the Number of Comparisons” = t =
§ g § text<Idea: never test for but remember the last value where you ‘,E,’
2 text<Idea: never test for but remember the last value where you 3 L should have tested for <=> but did not. Compare with that value when =3
£ should have tested for «=> but did not. Compare with that valus when § < you reach a leaf.:» 5

you reach a leaf.> § g
"o | fun isin2 :: "('a::linorder) tree = 'a option = 'a = bool" where [l
fun isin2 :: " (' linorder) tree = 'a option = 'a& = bool" where o % "isin2 Leaf z x = (case z of None = False | Some y = x =y) " | - %
"isin2 Leaf z x [§ (case z of None = False | Some y = x = y) " | 2 "isin2 (Node 1 a r) z x = S
"isin2 (Node 1 ar) z x = g 0 (if x < a then isin2 1 z x else isin2 r (Some a) x)" g
(if x < a then isin2 1 z x else isin2 r (Some a) x)" o o
; lemma isin2_Some: ;
lemma isin2_Some: :§ “[bst t; V¥x € set_treet. y < x| {8
a7 B ; Y gl B > S ) oy
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+
consts =] consts =]
isin2 :: "'a tree = 'a option = 'a = bool" isin2 :: "'a tree = 'a option = 'a = bool"
Found termination order: "(Ap. size (fst p)) <*mlext> {}" Found termination order: "(Ap. size (fst p)) <*mlex*> {}"
< DI | D

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

[51.17 (1156/4881) (isabelle, isabelle, UTF-8-Isabelle) \m o UG I 62/944MB 1:07 PM (53,1 (1230/4881) (isabelle,isabelle UTF-8-sabelle) |/mr o UG ML14/944MB 1:07 PM|

debian(O|_ | Ty| 1]2 3|4 |@iammichglapnipkow10: ~lehre/fDs/ex |G Isabelle2016-1 - 85T_bemo thy IR NEEED ol [Ty 2 1[2 3] 4| @lammich@lspnipkow10: ~flehre/Fs/ex

sabelle2016-1 - BST_Demo.thy B[] J15:07:4¢]
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0 BST_Demo.thy (~/lehre/FDS/fds_ss17/Demos/) - 180,989 Vv

@ lammich@®lapnipkow10: ~/lehre/FDS _Ox

>] section "Reducing the Number of Comparisons" 1~ .

hd Functional Data Structures
§ text<Idea: never test for «<=»> but remember the last value where you Exercise Sheet 3

g should have tested for «=> but did not. Compare with that valus when

% you reach a leaf.>

fun isin2 :: "('a::linorder) tree = 'a option = 'a = bool" where
"isin2 Leaf z x = (case z of None = False | Some y = x =y) " |
"isin2 (Node 1 ar) z x =

(if x < a then isin2 1 z x else isin2 r

Exercise 3.1 Insert with Less Comparisons
ome a)fx) "

e Define a function ins2 that inserts into a binary se:

ch tree, using only one com-
lemma isin2_Some:
“[ bst t; Wx € set_tree t. y < x ]

parison per node. Use the same idea as isin2.

e Show that your function is equal to ins on binary search trees. Hint: You may

[SsusouL [swis |soviepis | uoneazewnsoa ] 4 @]

[l Dl need an auxiliary lemma of the form:
¥ Praof state ] Auto update | Update | search | ~][oow [+] [bstt: Vo€ settreet. y <z ] = insla (Somey)t=...
consts =] fun ins? :: “'a:linorder = ' option = 'a tree = 'a tree”
isinz "'a tree = 'a option = 'a = bool"
Found termination order: "(Ap. size (fst p)) <*mlex*> {}" lemma ins?_None: “bst t = ins2 x None t = ins z t”

= Exercise 3.2 Height-Preserving In-Order Join

DN

<
(B~ | output | query | sledgehammer | symbols
|53‘51 (1280/4881) (isabelle,isabelle, UTF-B-Isabelle) 1 7o UG

6/944MB 1:08 PM

cevan®|_ [B| ] | 2[2] 3] 4] imiammic o: ~flenresfosiex [& 1-BST_Demothy INEENEEE a0 %Y [[12:]1]@e 10: ~flehrefrDs [ lex03.pdf
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[0 BST_Demo.thy (~/lehre/FDS/fds_ss17/Demos/) ~| (0 tut03.thy (~/lehre/FDS/exex03/) ~|
=] section "Reducing the Number of Comparisons” <1E 2] theory tut@3 =
- = - T imports "../../fds_ss17/Demos/BST_Demo" =
g text<Idea: never test for <=> but remember the last value where you g ; begin ‘,E,’
2 should have tested for < but did not. Compare with that value when =(E L 3
2 you reach a leaf.> 7?:;' 2 term isin2 “34

= S
fun isin2 :: “('a::linorder) tree = 'a option = 'a = bool" where & | fun ins2 :: "'a::linorder = 'a option = 'a tree = 'a tree" where [l
"isin2 Leaf z x = (case z of None = False | Some y = x =y) " | o % "ins2 x z Leaf = undeflmedl %
"isin2 (Node 1 a r) z x = 2 | "ins2 x z (Node 1 a r) undefined” =
(if x < a then isin2 1 z x else isin2 r [(Some a)fx)" g g
F 5
lemma 1sin2_Some: ; end ;
"[ bst t; Wx € set_tree t. y < x] § §
o B : o Y A0 oy
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | ~|[roo% |+
consts =] consts =]
isin2 :: "'a tree = 'a option = 'a = bool" ins2 :: "'a = 'a option = 'a tree = 'a tree"
Found termination order: "(Ap. size (fst p)) <*mlext> {}" Found termination order: "{}"
< DN | DN

(o]~ output | query | sledgehammer [ symbols | (2]~ [ output | query [ | symbols |

[53.51 (1280/4881) (isabelle, isabelle,UTF-8-Isahelle) |1 o UG BEB7/944M8 1:12PM (8,31 (175/229) (isabelle,isabelle UTF-8-lsabelle) 1 o UG ML 23/922MB 1:16 PM|

debian(D| _ || &) 1|2 3 | 4 | |@lammich@lapnipkow10: ~/lehre/FDS/ex |@|sahe||ezmﬁrlrssU)emn.my
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® tut03.thy (~/lehre/FDSfex/ex03/) = |0 tut03.thy (~/lehre/FDS/exfex03/) o=

B

File Browser

@| fun ins2 :: "'a::linorder = 'a option = 'a tree = 'a tree" where
"ins2 x z Leaf = (casd [J"
| "ins2 x z (Node 1 & r) = undefined"

[SsusouL [swis |soviepis | Ueneasewnsea ] 4 @]

"ins2 x z Leaf = (
case z of
None = Node Leaf x Leaf
| Some y = (if x=y then Leaf else Node Leaf x Leaf))"
| "ins2 x z (Node 1 a r) = mdefmed"

theory tut03 |~ ] begin e
T imports "../../fds_ss17/Demos/BST_Demo" t
begin § term isin2 il
5
term isin2 % fun ins2 "'a::linorder = 'a option = 'a tree = 'a tree" where

[Sau0sy1 [ 23235 [piepis [ usneuswnooa [ ¢ [@)

end
end [
[l D] < D
] Proof state 7] Auto update | Update ‘Search:\ v\|luu% ‘-‘ [¥] Proof state [ Auto update | Update |search:\ v|‘1uu% |v‘
Type unification failed: Clash of types "unit" and "_ tree" [~ consts |
ins2 :: "'a = 'a option = 'a tree = 'a tree"
Type error in application: incompatible operand type Found termination order: "{}"
Operator: op = (ins2 x z ()) 'a tree = bool
Operand: 0 unit —
< DN {1 ]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbals

[B.28 (1721227)

belle, UTF-8-Isabelle) I o UG MI70/922MB 1:17

M

[12.30 (307/330)

(isabelle,i:

belle, UTF-8-sabelle) (i1 o UG M 37/904MB 1:19 PM|

wwanC]_ [ 2| [1[273]4]

0: ~flehrefrosiex [

1 - tut03.thy (modified)

denian®)_ |Ton| 1[2 2| 4| @lammich@lapnipkow10: ~fehrerrsjex |

Isabelle2016-1 - tut03.thy
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O tut03.thy (~/lehre/FDS/ex/ex03/) -~ 9 tut03.thy (~/lehre/FDS/exex03/) -
=] begin = 2] begin 1=
g term isin2 B ¢ term isin2 B
2 2
& &5
£ fun ins2 :: "'a::linorder = 'a option = 'a tree = 'a tree" where < fun ins2 :: "'a::linorder = 'a option = 'a tree = 'a tree" where

"ins2 x z Leaf = (
case z of
None = ( Leaf, x, Leff )
| Some y = (if x=y then Leaf else Node Leaf x Leaf))"
| "ins2 x z (Node 1 & r) = undefined"

[suosuL [ ow3s [pbiepis [uomeweunsea | « [@]

"ins2 x z Leaf = (

case z of
('} None = ( Leaf, x, Leaf ) [.
| Some y = (if x=y then Led( (symbol "\<langle>") (-]

| "ins2 x z (Node 1 & r) = unde| (sympol *\<leftarrows")

= (symbol "\<hookleftarrow>")

+— (symbol "\<leftharpoonup="})
symbol "\<leftharpoondown=")

[

[Ssu0aus [=1e35 [ontepis [uomeswnoa [ €| @)

— (
4] < (symbol "\<Leftarrow>") =
& (symbol “\<Lleftarrows")

Found termination order: "{}"

47

«

D

(symbol "\<longlonglongleftarrow=")

4]

end end
1l D] |
] Proof state /] Auto update | Update | Search: | v [roon [+
consts =] Inner syntax errora
insz "'a = 'a option = 'a tree = 'a tree" Failed to parse prop

bte [¥lAuto update | Update |Search: | ~|[1oo% [+

<

DN

[
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[10.28 (213/230)

mw@_ | 1|z 3 | 4 | |@lammich@lapnipkow10: ~/lehre/FDS/ex Iﬁlsahellezali—l—tum!.(hy

belle,UTF-8-Isabelle) /i o UG MER.2/904MB 1:19

PM|

[10,35 (220/333) Input/output complete

debian(O| _ | Ty| 1|z 3| 4| @mlammich@lapnipkow10: ~flehre/Fosjex |

Isabelle2016-1 - tut03.thy (modified)

(isabelle,:

belle, UTF-8-sabelle) 1 o UG BEE6/904MB 1:20 PM|
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™ tut03.thy (~/lehre/FDS/fex/ex03/) - 0 tut03.thy (~/lehrefFDS/exfex03/) -
>] begin ] begin
g term isin2 M g term isin2 M
2 o
@ @
2 fun ins2 :: "'a::linorder = 'a option = 'a& tree = 'a tree" where 2 fun ins2 "'a::linorder = 'a option = 'a tree = 'a tree" where

"ins2 x z Leaf = ( "ins2 x z Leaf = (

case z of
o None = ( Leaf, x, Leaf ) ||

| Some y = (if x=y then Leaf else Node Leaf x Leaf))"
| "ins2 x z (Node 1 & r) = undefined"

[SsusouL [ a5 |sbrepis | usneasewnsoa ] 4 @]

case z of
None = ( Leaf [Jx, Leaf }
| Some y = (if x=y then Leaf else Node Leaf
| "ins2 x z (Node 1 a r) = undefined"

x Leaf))"

[Sau0sy1 [ 23235 [piepis [ usneuswnooa [ ¢ [@)

end end
q D] < D]
¥ Praof state ] Auto update | Update | search | | [roow [+] roof state [ Auto update | Update | search: | | [roo |+]
Inner syntax errore B consts =]
Failed to parse prop ins2 "'a = 'a option = 'a tree = 'a tree"

Found termination order: "{}"

<1 DN 1 ]
(B~ | output | query | sledgehammer | symbols (2]~ [ output | query | | symbals

[10.34 (218/331)

(isabelle,i:

ceanQ|_ [B| ] | 2[2]2]4]m

0: ~flenrefosex |

belle, UTF-8-Isabelle) i r o UG MEEIB/904MB 1:20 PM

[10.23 (207/330)

twt03.thy (modified)

debianO|_ || & 1|2 3| 4 | @ lammich@lapnipkow10: ~flehre/FDS/ex

belle, UTF-8-lsabelle) /{1 o UG MEER /904MB 1:20 PM]

sabelle2016-1 - tut03.thy
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= ) = = ) - @
D@dE & 9¢ XDE @& D@BdE & 9¢ XDAO a8 B & @
B tut03.thy (~/lehre/FDS/ex/ex03/) - B tut03.thy (~/lehre/FDS/exfex03/)

None = ( Leaf, x, Leaf )
| Some y = (if x=y then Leaf else Node Leaf x Leaf))"

[suosuL [ ow3s [pbiepis [uomeweunsea | « [@]

=] begin '] begin
g term isin2 B ¢ term isin2 B
2 2
& @
£ fun ins2 linorder = 'a option = 'a tree = 'a tree" where < fun ins2 linorder = 'a option = 'a tree = 'a tree" where
"ins2 x z Leaf = ( "ins2 x z Leaf = (
case z of case z of

None = ( Leaf, x, Leaf }
| Some y = (if x=y then Leaf else Node Leaf

x Leaf))”

[Ssu0aus [=1e35 [ontepis [uomeswnoa [ €| @)

Found termination order: "{}"

«

[

| "ins2 x z (Node 1 a r) = undefn @ | "ins2 x z (Node 1 a r) = (if x<a then Node
end = end I
4] 1] 4] 1]
] Proof state /] Auto update | Update | Search: | ~|[roo% |+ [¥] Proof state [ Auto update | Update | Search: | v|[1oo% |+
consts =] Inner syntax errora 2]
insz "'a = 'a option = 'a tree = 'a tree" Failed to parse prop

<

[
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[12,35 (312/326)

(isabelle, isabell

UTF-8-Isabelle)im /904MB 1:21 PM

[12,50 (327/342)

(isabelle,isabelle, UTF-8-sabelle) i ¢

ﬂjan@_ | 1|z 3 | 4 | |@lammich@lapnipkow10: ~/lehre/FDS/ex Iﬁlsahelleznls—l—

tut03.thy (medified)

debian(D[ _ | Ty| 1L 1|z 3| 4 | @/lammich@lapnipkow10: ~flehre/FDS/ex

sabelle2016-1 - tut03.thy (modified)
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0 tut03.thy (~/lehre/FDS/fex/ex03/) - B tut03.thy (~/lehre/FDS/exfex03/) -
>] begin |~ ] begin e
g term isin2 M g term isin2 M
2 o
@ @
2 fun ins2 "'a::linorder = 'a option = 'a tree = 'a tree" where 2 fun ins2 "'a::linorder = 'a option = 'a tree = 'a tree" where

"ins2 x z Leaf = (
case z of
None = ( Leaf, x, Leaf )
| Some y = (if x=y then Leaf else Node Leaf x Leaf))"
| "ins2 x z (Node 1 & r) = (if x<a then Node (ins2 x z 1) a r ese undefined)"

[SsusouL [ a5 |sbrepis | usneasewnsoa ] 4 @]

end

[l D]

"ins2 x z Leaf = (
case z of
None = ( Leaf, x, Leaf }
| Some y = (if x=y then Leaf else Node Leaf x Leaf))"
9 | "ins2 x z (Node 1 a r) = (if x<a then Node (ins2 x z 1) a r else chel )"

[Sau0sy1 [ 23235 [piepis [ usneuswnooa [ ¢ [@)

< D]

¥ Praof state ] Auto update | Update | search | ~[roo% [+

WlProot state 7l auto update | Update | search: | | [roo% [+]

consts £l
insz "'a = 'a option = 'a tree = 'a tree"
Found termination order: "(Ap. size (snd (snd p))) <*mlext> {}"

DN

Inner syntax errora =]
Failed to parse prop

]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[12.66 (343/371) (isabelle isabelle, UTF-8-Isabelle) 7o UGl 68/8B6MB_1:23 PM  [12,74 (351/370) (isabelle,isabelle UTF-B-sabelle) 711 o UG ML 16/886MB_1:23 PM
wwnnC|_ [@s[ 2] | 2[F 2]+ e 1-tutos thy IEEENEEE  @aC_ (%2 | 1]2 2|4 @emmichelpnipkowio: ~fenrerrosiex [ isabelle2016-L - tut03.thy (modified) [ ]1s:23:31]
4 Isabelle2016-1 - tut03.thy (modified) _8x 4 Isabelle2016-1 - tut03.thy (modified) _&x
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= \p = - < = 7 - - & E
DEed@E & 9 ¢ XDAE @& = Ex & @ DEBd@E & 9¢ KOO 8 = B & @
™ tut03.thy (~/lehre/FDS/ex/ex03/) vl |8 tut03.thy (~/lehre/FDS/exfex03/) v
=] <118 2] fun ins2 :: "'a::linorder = 'a option = 'a tree = 'a tree" where =
— fun ins2 :: "'a::linorder = 'a option = 'a tree = 'a& tree" where = — "ins2 x z Leaf = ( =
= = = =
§ "ins2 x z Leaf = ( 2 § case z of S
2 case z of % L Norme = ( Leaf, x, Leaf } %
2 None = ( Leaf, x, Leaf ) 75; < | Some y = (if x=y then Leaf else Node Leaf x Leaf))" S
| Some y = (if x=y then Leaf else Node Leaf x Leaf))" § | "ins2 x z (Node 1 a r) = (if x<a then Node (ins2 x z 1) a r else Node 1 a (ins2 x (Some &) r))" g
| "ins2 x z (Node 1 a r) = (if x<a then Node (ins2 x z 1) a r else Node 1 a (ins2 x (Some a) r))" (o] [w]
& &
= =
=(= lemma "bst t = ins2 x None t = ins x t" =%
2 apply [(induction t)[f i
o T
1 3 7
end g @|end t]
=2 B
4] [T 4] =
¥l Proof state ] Auto update | Update |Search: v||oo% |= [¥] Proof state [¢] Auto update | Update [Search: ~|joo% |+
P p p p
consts 1= proof (prove) |
insz "'a = 'a option = 'a tree = 'a tree" goal (2 subgoals):
Found termination order: "(Ap. size (snd (snd p))) <*mlex*> {}" 1. bst (} == 1ins2Z x None () = ins x (}
2. Atl x2 t2.
T [bst t1 = ins2 x None tl = ins x t1; bst t2 = ins2 x None t2 = ins x t2; bst (t1, x2, t2)]
= insZ x Nene {(tl, x2, t2) = ins x (t1, x2, t2)
DN ‘ DN

<
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

[17.5 (4011405) (isabelle,isabelle, UTF-8-Isabelle) i o UG MEEG/886MB_1:24 PM|

[15.24 (4521466) Input/output complete (isabelle,isabelle, UTF-8-1sabelle) 1 o UG BEEMIEEEMB 1:25 PM|
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® tut03.thy (~/lehre/FDSfex/ex03/) - 0 tut03.thy (~/lehrefFDS/exfex03/) 4
L} "ins2 x z Leaf = ( =2 =} B=|=)
t case z of = t o lemma "bst t = ins2 x None t = ins x t" hd
§ Nome => ( Leaf, x, Leaf ) EU, § apply (induction t) é',
g | Some y = (if x=y then Leaf else Node Leaf x Leaf))" 3 g apply auto I 3
E | "ins2 x z (Node 1 & r) = (if x<a then Node (ins2 x z 1) a r else Node 1 a (ips2 x (Some a) r))" —“j:." = 7?:;
S S
I O|end 2]
) lemma "bst t = ins2 x None t = ins x t" 2 =2
apply (induction t) = 41 Dl e
o w
g [¥] Proof state [¢] Auto update | Update | Search: | =)o []]s
= proof (prove) el oy
E ES
olend || g goal (2 subgoals): g
T 0 13 5 1. Atl x2 t2. E
[ins2 x Nonme t1 = ins x tl; ins2 x None tZ = ins x tZ; bst t1; bst t2; Vxeset_tree tl. x < x2;
¥ Praof state ] Auto update | Update | search | ~|[roow | Wxeset_tree t2. x2 < x; X2 < %; 0 %X < x7]
proof (prove) = = 1ns2 x (Seme x2) t2 = ins x t2
goal (2 subgoals): = 2. Atl t2. [ins2 x None tl = ins x t1; ins2 x None t2 = ins x t2; bst tl; bst t2; Wxaeset_tree tl. xa < x;
1. bst {) => ins2 x None (} = ins x {) 1 Vxacset_tree t2. x < xa]

[bst t1 = ins2 x None t1 =
= ins2 x None (t1, x2, t2} =

ins x tl; bst t2 = ins2 x None t2 = ins x t2; bst (t1, x2, t2}]

T 2. Atl x2 t2.
ins x (tl, x2, t2)

4T

—= ins2 x (Some x) t2 = t2

il
(B~ | output | query | sledgehammer [ symbols |

<1
(8]~ | output | query | sledgehammer | Symbols

[17.5 (457/473) (isabelle,isabelle, UTF-8-Isabell

17,

17 (4697483 (isabelle,isabelle UTF-8-Isabelle) mr o
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Functional Data Structures
Exercise Sheet 3

Exercise 3.1 Insert with Less Comparisons

® Define a function ins2 that inserts into a binary search tree, using only one com-
parison per node. Use the same idea as isin2.

e Show that your function is equal to ins on binary search tre
need an auxiliary lemma of the form:
[ bstt; Va € settrect. y < x] = ins2z (Somey)t=

Hint: You may

fun ins2 = “‘azlinorder = 'a option = 'a tree = 'a tree”

lemma ins2 None: “bst t == ins2 x None t = ins x t

Exercise 3.2 Height-Preserving In-Order Join
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Functional Data Structures
Exercise Sheet 3

Exercise 3.1 Insert with Less Comparisons

e Define a function ins2 that inserts into a binary search tree, using only one com-
parison per node. Use the same idea as isin2.

e Show that your function is equal to éns on binary search tre
need an auxiliary lemma of the form:
[bstt; Wz € set tree t

Hint: You may

y < x] = ins2x (Some y)
fun ins2 = “'azlinorder = 'a option = ‘a tree = 'a tree”
P

lemma ins2_None: “bst t = ins2 x None t = ins x t

Exercise 3.2 Height-Preserving In-Order Join

[ ex03.pat
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® tut03.thy (~/lehre/FDSfex/ex03/)

B tut03.thy (~/lehre/FDS/exfex03/)

| "ins2 x z (Node 1 a r) = (if x<a then Node (ins2 x z 1) a r else Node 1 a (i

©®| lemma "[ bst t; ¥xeset tree t. y < x | = 1ins2 x (Seme y) t

File Browser | 4 | B

lemma "bst t = ins2 x None t = ins x t"
apply (induction t)
apply auto

ns2 x (Some a) r))"

]

lemma aux: "[ bst t; Vxeset_tree t. y < x | = ins2 x (Some y) t = (if x=y then t else ins x t)"

E |

lemma "bst t = ins2 x None t = ins x t"
apply (induction t)
apply (auto simp: aux)

File Browser | 4 | B

41

-~
D]

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

Inner syntax error: unexpected end of inputa
Failed to parse prop

[SsuvouL [ s1s [ ovrepis | ueneazewnsoa ] 4 @]

theorem aux: [bst 7t; Vxeset_tree 7t. 7y < x]] == ins2 ?x (Some ?y) 7t = (if ?x = ?y then 7t else ins 7x 7t)

[Sau0syL [ 23235 [3apiepis [ ueneuswnooa [ ¢ [@)

<
(B~ | output | query | sledgehammer | symbols

<1
(2]~ [ output | query |

| symbols

[15.66 (452/557)

lisabelle, i

belle, UTF-8-Isabelle) im0 UG MENb,

[16.6 (492/606) (isabelle,isabslle, UTF-8-Isabelle) 1m0

wwanC]_ [ 2| [1[273]4]
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B tut03.thy (~/lehre/FDS/ex/ex03/)

| tut03.thy (~flehre/FDS/ex/ex03/)

lemma aux: "[ bst t; ¥xeset tree t. y < x | = 1ins2 x (Some y) t = (if x=y th
apply (induction []

File Browser | 4 | B3

@| lemma "bst t = ins2 x None t = ins x t"
apply (induction t)

n t else ins x t)"

(1] apply (auto simp: aux)
[l

Proof state Auto update

update | search: |

proof (prove)
goal (2 subgoals):
1. [bst t; Ball (set_tree t) (op < y)]| = ins2 x (Some y) t = ()
2. Ax1 x2 x3.
[lest t; Ball (set_tree t) (op < y)] = ins2 x (Some y) t = x1;

= ins2 x (Some y) t = (x1, x2, x3}

[bst t; Ball (set_tree t) (op < y)] = 1ins2 x (Some y) t = x3; bst t; Ball (set_tree t) (op < y]]

[SeosuL [ 933 [opwepis | uoneweunsea | « [@]

47

D]

"ins2 x z Leaf = (
case z of
None = ( Leaf, x, Leaf }
| Some y = (if x=y then Leaf else Node Leaf x Leaf))"
| "ins2 x z (Node 1 a r) = (if x<a then Node (ins2 x z 1) a r else Node 1 a (ins2 x (Some a) r))"

File Browser | 4 | B

lemma aux: "[ bst t; Vxeset_tree t. y < x | = ins2 x (Some y) t = (if x=y then t else ins x t)"
apply (induction t arbit rary

©

©@| lemma "bst t = ins2 x None t = ins x t"
apply (induction t)

41

D]

[Ssuoaus [=1e3s [ontepis [uomewswnoa [ €| @)

proof (prove)
goal (2 subgoals):
1. [bst {); Ball (set_tree (}) (op < y)] == ins2 x (Some y) () = (if x = y then (} else ins x {))
2. Atl x2 t2.
[lbst t1; Ball (set_tree t1) (op < y)] = ins2 x (Some y) t1 = (if x =y then t1 else ins x t1);
[ost t2; Ball (set_tree t2) (op < y)] = 1ins2 x (Some y) 12 = (if x =y then t2 else ins x t2);
bst (t1, x2, t2); Ball (set_tree (t1, x2, t2)) (op < y)]
= 1ins2 x (Seme y) (tl, x2, t2) = (if x = y then (t1, x2, t2) else ins x (t1, x2, t2})

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

DN

<
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

[16.22 (s08/623) Input/output complete

(isabelle,

belle, UTF-8-Isabelle) i o UG BEEEB36MB 1:33 PM

[15,33 (519/634)

(isabelle,isabelle, UTF-8-Isabelle) 1 o UG MEEE/820MB 1:35 PM|
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e Show that your function returns a binary search tree with the correct elements

e We define bst_sort as the inorder traversal of the tree created from a list. Show
that it contains the right elements, is distinet, and sorted.

Exercise 3.1 Insert with Less Comparisons 1
e Define a function ins2 that inserts into a binary search tree, using only one com-
parison per node. Use the same idea as isin2.
e Show that your function is equal to ins on binary search trees. Hint: You may
need an auxiliary lemma of the for
bst t; Vo € settreet. y < x| = ins2x (Some y)
fun ins? :linorder = 'a option = 'a tree = 'a tree”
lemma ins2_None: “bst t = ins2 x None t = ins
Exercise 3.2 Height-Preserving In-Order Join
cevan®|_ |B| 9| |[2] 23] 4] imiammic 0: ~flenrefos [ lex03.paf INEENEEER @O % Y| 1232 10: ~flehrefrDs [ lex03.pdf
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0 tut03.thy (~/lehre/FDS/ex/ex03/) vl |8 tut03.thy (~/lehre/FDS/exfex03/) v
=] apply auto <1E 2] apply (auto simp: aux) =
= done = d done =
a g g g
£ 2 H 2
2 lemma "bst t —> ins2 x None t = ins x t" 3 L 3
2 apply (induction t) 2 < definition mk_tree :: "'a::linorder list = 'a tree" where =

apply (auto simp: aux) § "mk_tree 1 = fold ins 1 Leaf" g
done [ o] [o]
§ lemma "bst (mk_tree 1)" = i
1 2 ) unfolding | 2
=[— e =5
g by
@ = |5
end =(E =El
l o 11 ol |8
3 3
[ Proof state [] Auto update | Update | Search: | ~| [Loon [« = [¥] Proof state [¢] Auto update | Update | Search: | ~|[oo% [«
theorem bst 7t = ins2 ?x None ?t = ins ?x 7t |~ proof (prove) 1=l
goal (1 subgoal):
1. bst (mk_tree 1)
Outer syntax erroro
DN ‘ DN

<
(o]~ output | query | sledgehammer [ symbols |

[
(2]~ [ output | query [ | symbols |

UTF-8-Isabell

[25.:3 (6701692) (isabelle, isabell fimro UG MIS2/805MB 1:39 PM)

[30.15 (812/835) Input/output complete (isabelle,isabelle,UTF-8-Isabelle) 1m0 UG
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/792MB_1:40 PM|
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® tut03.thy (~/lehre/FDSfex/ex03/) = B tut03.thy (~/lehre/FDS/exfex03/) o=

done

definition mk_tree inorder list = 'a tree" where

"mk_tree 1 = fold ins 1 Leaf"

File Browser | 4 | B

lemma "bst (mk_tree 1)"
unfolding mk_tree_def
applyl]

(41T

done

definition mk_tree :: "'a::linorder list = 'a tree" where

"mk_tree 1 = fold ins 1 Leaf"

File Browser | 4 | B

lemma "bst (mk_tree 1)"
unfolding mk_tree_def
apply (induction 1) apply

[T

D]

[SusouL [s3%15 | sbrepis | Ueneazewnsoa ] 4 @]

[Sau0syL [23235 [3opiepis [usneruswnooa [ ¢ [@)

<
(B~ | output | query | sledgehammer | symbols

IProof state [#]Auto update | Update | Search: <] [roox | [7IProof state [¢]Auto update | Update | search: ~| oo [+]
proof (prove) el proof (prove) =
goal (1 subgoal): goal (1 subgoal):

1. bst (fold ins 1 {)) 1. Aa 1. bst (fold ins 1 {)) == bst (fold ins 1 {{}, &, (}))
| ]

{1
(2]~ [ output | query |

| symbols

[3L.10 (833/858)

(isabelle,

belle, UTF-8-Isabelle) /im0 UG

31,31 (854/883) belle, UTF-8-Isabelle) \/mr o

Input/output complete (isabelle.i

92MB 1:41 PM|

wwanC]_ [ 2| [1[273]4]
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done

definition mk_tree "'a::linorder list = 'a tree" where

"mk_tree 1 = fold ins 1 Leaf"

File Browser | 4 | B3

lemma "bst t = bst (fold ins 1 1)"
apply (induction 1 arﬂ apply auto

@| lemma "bst (mk_tree 1)"
unfolding mk_tree_def
apply (induction 1) apply auto

141

Kl

o]

done

definition mk_tree "'a::linorder list = 'a tree" where

"mk_tree 1 = fold ins 1 Leaf"

File Browser | 4 | B

lemma "bst t = bst (fold ins 1 1)"
apply (induction 1 arbitrary: t) apply

@| lemma "bst (mk_tree 1)"
unfolding mk_tree_def
apply (induction 1) apply auto

141

El|

[o]

[SsiesuL [ ow3s [opiepis [uomewounsea | « [@]

[SsHoaus [e1e35 [ppiepis [uonewawnoog [ « [@]

proof (prove)

goal (2 subgoals):

1. bst t = bst (fold ins [] t)
2. Aa 1. [bst t = bst (fold ins 1 t); bst t] = bst (fold ins (a # 1) 1)

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

47

[

proof (prove)
goal (1 subgoal):

1. Aa 1 t. [At. bst t = bst (fold ins 1 t); bst t] = bst (fold ins 1 (ins a t))

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

DN

<
(o]~ output | query [ sledgehammer | symbols

|
(2]~ [ output | query [ | symbols |

[30.26 (836/957)

(isabelle, i

belle, UTF-8-Isabelle) i o UG MENEN7 78MB_1:42 PM

[30.45 (855/978) (isabelle,

belle,UTF-8-sabelle) 1o UG MEEEIR78MB 1:43 PM|
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0 tut03.thy (~/lehre/FDSfex/ex03/) = B tut03.thy (~/lehre/FDS/exfex03/) o=

unfolding mk_tree_def by (simp add: aux3)

end

[

=] unfolding mk_tree_def by (simp add: aux2) el =} definition "bst_sort 1 = inorder (mk_tree 1)" =
§ lemma aux3: "bst t — set_tree (fold ins 1 t) = set_tree t U set 1" g lemma "set (bst_sort 1) = set 1"
s by (induction 1 arbitrar t) (auto simp: bst_ins set_tree_ins) 2 unfolding bst_sort_def
2 B by (simp add: set_mk_tree)
lemma "set_tree (mk_tree 1) = set 1"

lemma "distinct (bst_sort 1)" I
unfolding bst_sort_def
find_theorems distinct inorder

-
D

[SUsouL [s3%15 | sviopis | Ueneazewnsea ] 4 @]

[Sau0syL [ 2335 [3piepis [usneruswnooa [ ¢ [@)

IProof state [#]Auto update | Update | Search: ~|[roox [+] [7IProof state [¢]Auto update | Update | search: ~| oo [+
theorem set_tree (mk_tree ?1) = set ?1 1= proof (prove) 12|
goal (1 subgoal):
1. distinct (bst_sort 1)
DN ]

<
(B~ | output | query | sledgehammer | symbols

{1
(2]~ [ output | query |

| symbols

[41.3 (1184/1212)

belle, UTF-8-Isabelle) o UG M92/731MB 1:46 PM

[47.36 (1385/1468) (isabelle, i
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1 tut03.thy (~/lehre/FDS/ex/ex03/) -~ (0 tut03.thy (~/lehre/FDS/exex03/) ~
L} =] L} lemma "distinct (bst_sort 1)" 1=l
- lemma "distinct (bst_sort 1)" - unfolding bst_sort_def
§ unfolding bst_sort_def § by (simp add: bst_mk_tree distinct_inorder_if_bst)
2 by (simp add: bst_mk_tree distinct_inorder_if_bst) L
2 2 lemma "sorted (bst_sort 1)"

lemma "sorted (bst_sort 1)"
unfolding bst_sort_def
find theorems inorder sortedl
(1] by (simp add: bst mk tree)

]

unfolding bst_sort_def
thm bst_eq_imp_sorted bst_eg_if_bst
by (simp add: bst_mk_tree bst_eq_imp_sorted bst_eq_if_bst)

[

41

D]

[sioeuL [ 9w3s [plrtepis [uomewaunsea | « [@]

[S5uoa s [=1e3s [ontepis [uomemwnoa [ « | @)

Tind_theorems
"inorder"
"sorted"

found 1 theorem(s):
» Tree.linorder_class.bst_eq_imp_sorted: bst_eq ?t = sorted (inorder ?7t)

[ Proof state [] Auto update | Update | Search: | ~| [roo% [+

«

DN

theorem sorted (bst_sort ?1)

[¥] Proof state [¢] Auto update | Update | Search: | ~|[100% |+

[
(o]~ output | query | sledgehammer [ symbols |

|
(2]~ [ output | query [ | symbols |

bell
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“lazlinorder list = 'a tree”
bst (mk_tree 1)”
lemma set_mk_tree: “set_tree (mk_tree ) = set 1"

definition mk_tree
lemma bst_mk_tree:

definition “bst_sort | = tnorder (mk_tree [)”
lemma bst_sort_set: “set (bst_sort l) = set 1"

lemma bst_sort_sorted: “sorted (bst_sort [}”
lemma bst_sort_distinet: “distinct (bst_sort [)”

Homework 3 BSTs with Duplicates

Coihinoiom aumdil Beidene Afone 10 1. 50000

(&)lammich @lapnipkow10: ~/lehre/FDS

cevan®|_ |B| 9| |[2] 23] 4] imiammic 0: ~/lehre/FDS [ lex03.pdf
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Homework 3 BSTs with Duplicates

Submission until Friday, May 19, 11:59am.
e Have a look at bst_eq in ~~/srec/HOL/ Library/ Tree, which defines BSTs with
duplicate elements.
o Warmup: Show that isin and ins are also correct for bst_eq.

lemma “bsteg t = isint x = (x € sel_tree t)”
lemma bst_eq_tns: “bsi_eq t = bst_eq (ins z t)7

e Define a function ins_eg to insert into a BST with duplicates.

fun ins_eg :: “'azlinorder = 'a tree = 'a tree”

e Show that ins_eq preserves the invariant bst_eg

lemma bst_eq_ins_eq: “bst_eq t = bst_eq (ins_eq x t)”

e Define a function count_tree to count how often a given element occurs in a tree
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definition “bst_sort | = inorder (mk_tree 1)”

lemma bst_sort_set: “set (bst_sort [) = set I”
lemma bst_sort_sorted: “sorted (bst_sort 1)”
lemma bst_sort_distinct: “distinct (bst_sort [)”

Homework 3 BSTs with Duplicates

Submission until Friday, May 19, 11:59am.

e Have a look at bsteq in ~~/src¢/HOL/ Library/ Tree, which defines BSTs with
duplicate elements.

e Warmup: Show that isin and ins are also correct for bst_eq.

lemma “bst_eq t = isin t x = (x € sel_tree )7
lemma bst_eqins: “bst_eq t == bst_eq (ins z t)”

e Define a function ins_eq to insert into a BST with duplicates.

fun ins_eq = “'azlinorder = 'a tree = 'a tree”
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uplicate elements.

o Warmup: Show that isin and ins are also correct for bst_eq.

lemma “bst_eq t = isin t (r € seitree t)”

lemma bst_eqins: “bsi_eq = bst_eq (ins x t)”

e Define a function ins_eq to insert into a BST with duplicates.

fun ins_eq :: “a:linorder = 'a tree = 'a tree”

e Show that ins_eq preserves the invariant bst_eg

lemma bst_eqins_eq: “bst_eq t = bsteq (ins_eq z t)”

e Define a function count_tree to count how often a given element occurs in a tree

fun count_tree = “'a = 'a tree = nat”
e Show that the ins_eg function inserts the desired element, and does not affect other

clements,

lemma
lemma

“count_tree = (ins_eg x t) = Suc {count_tree x £)7
w#y = couni_tree y (ins_eg x t) = count_tree y t”

R
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fun ins_eq :: “'azlinorder = 'a tree = 'a tree”

o Show that ins_eq preserves the invariant bst_eq

lemma bst_eq_ins_eq: “bsi_eq t = bst_eq (ins_eq x )"

o Define a function count_tree to count how often a given element oceurs in a tree

“'o. = 'a tree = nat”

fun count_tree :

e Show that the ins_eq function inserts the desired element, and does not affect other
clements.

lemma “count_tree x (ins_eq r t) = Suc (count_tree z t)”

lemma “c#y = couni_tree y (ins_eq x t) = count_tree y t”

The next exercise is a bonus exerc

yielding bonus points. Bonus points count as
achieved points, but not for the maximum achievable points, when computing the per-
centage of the achieved homework points.

e Bonus (5p): Use BSTs with duplicates to sort a list (cf. Exer 3). Prove that
the resulted list is sorted, and contains exactly the same number of each element

ag the original liet  Hint: Tlen o _count function for licte and rolate it with the
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e Define a funetion count_tree to count how often a given element occurs in a tree

fun count_tree :: “'a = 'a tree = nat”

e Show that the ins_eq function inserts the desired element, and does not affect other
elements.

lemma “count_tree © (ins_eq x t) = Suc (count_tree x t)”

lemma “r#y = couni_tree y (ins_eq x t) = count_tree y t”

The next exercise is a bonus exerci:

, yielding bonus peints. Benus points count as
achieved points, but not for the maximum achievable points, when computing the per-
centage of the achieved homework points.

e Bonus (5p
the resulte

Use BSTs with duplicates to sort a list (cf. Exercise 3). Prove that
list is sorted, and contains exactly the same number of each element
as the original list. Hint: Use a count function for lists, and relate it with the
count_tree-function for trees.
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